We consider a domain f2 in R" of the form R = R' x R' with bounded R' c W-'. In f2 we study the Dirichlet initial and boundary value problem for the equation a t u + [(-a: -. . . -a:)"'+, (-a:+l -* . * -aX)"]u = fe-'"I. We show that resonances can occur if 2m 3 1. In particular, the amphtude of u may increase like t' (a rational, 0 < a < 1) or like In t as t + 03. Furthermore, we prove that the limiting amplitude principle holds in the remaining cases.
Introduction
Let R be an unbounded domain in R" with R = R' x R', In the case of the remaining frequencies u ( x , t) is bounded as t -, co and satisfies the limiting amplitude principle (1.8) for the cross-section R', then with a suitable v~C ( 6 ) .
If R = R2 x (0, 1) and o = z j ( j = 0, 1, . . . ), then as t -+ oc). holds; here U is a solution of (1.10), E, are suitable constants and u(x, t) = C E,t 2n e Imrp:j)(x)+ E*Int.e-'"'p!,$,,,(x)
u(x,
(1.14)
Both estimates hold uniformly in every bounded subset of a. The precise values of Es and E* will be given in Section 6.
The analysis of this paper is based on the spectral theory for unbounded self-adjoint operators. In Section 2, we extend the differential operator ( -Ax)" + ( -AY)" to a selfadjoint operator A in the Hilbert space L2(R) with respect to Dirichlet's boundary condition (1.3). Applying the functional calculus for unbounded self-adjoint operators, we obtain a spectral integral representation for the solution u of (1.2H1.4). Sections 3 and 4 are deveoted to the study of the resolvent of A and the construction of the spectral family { P A 1 of A. The explicit form of { P A } is used in Sections 5 and 6 to obtain the above asymptotic for u(x, t ) as t -+ 03.
The results of this paper are contained in the author's t h e~i s ,~ to which we refer for a more detailed presentation of some of the proofs.
The spectral integral representation of the solution
In order to extend the operator (-Ax)" + ( -AY)" to a self-adjoint operator with respect to the Dirichlet condition (1.3), we set Repeating this step m times, we obtain (A, U, cp) = B(U, q), and hence 
The resolvent
In order to estimate the asymptotic behaviour of the solution u given by (2.8) and (2.10), we have to study the behaviour of the resolvent R, = ( A -zI)-' of A near the real axis. The computation of R,f for ZEC\[O, co) andfEC,"(R) leads to the classical problem
We construct a solution U, of (3.1) by setting
where fljk(k = 1, . . . , ~( j ) ) denotes as in (1.13) an orthonormal basis of the eigenspace Ej for the eigenvalue Lj of (1.11). We assume that the eigenvalues are ordered increasingly: 0 < 1, < 1, < . . . . Note that V,kcC"(fi') by the elliptic regularitv theory, since afl'EC". Using (-Ay)" = Aj vjk, we obtain formally
The expansion theorem for the interior boundary value problem (1.1 1) yields These considerations suggest determining the coefficients in (3.2) such that
In order to compute ujk, we extend
by setting
Since L(m) is uniformly strongly elliptic, the elliptic regularity theory implies L(m) = L(1)". Hence, the uniquely determined solution u j k of (3.6) belonging to
Let ( P i ' ) } denote the spectral family of L (1) . Then Ujk is given by In order to proof the convergence of the Fourier series (3.2), we start from
(compare (3.6) and (3.7)). It follows that
and positive, we obtain
and by the Cauchy-Schwarz inequality
The elliptic regularity theory and (3.12) imply DPup€D(L(m)) and
for every multi-index P E Nh, sincehkEC2 (R'). Hence, the above considerations yield It follows in the same way that every termwise derivative of (3.2) converges uniformly with respect to x~f i and Z E K . Thus U , is a solution of the differential equation in (3.1). Furthermore, we have j = l k = l IP si3 (3.24) for every x = (x, y ) d R and s = 0, . . . , m -1, since n = (nx, n,) with n, = (0, . . . ,0) and ny = n', and since each c k is an eigenfunction of (1.1 1). Hence U, is a solution of (3.1). ' The same argument as above yields that for p~N b ,
This shows that U,EH,(R) for every SEN. Furthemiore, U, satisfies the boundary conditions (3.24) for 0 Q s Q m-1. This implies U,~fi,,,(a), and hence U,ED(A).
Since U, satisfies (3.1), we obtain U, = R,f: We collect these results in the following lemma 
The spectral family
In order to compute the spectral family { P A ) of A, we investigate the behaviour of R,f as Imz+O. Consider the Fourier series (3.2) of R, f and set z = p + i t with p, Z E R. According to (3.12), the Fourier coefficients ujk of R, + irf are solutions of
Initially we assume Aj > p. In this case (4.1) has a uniquely determined solution also 
for every PEN: uniformly with respect to X E~.
representation (3.1 1). First we study the case of cps we have
The discussion of the Fourier coefficients u j k with j < i ( p ) is based on their
According to the definition (3.10)
. where u j k is given by (3.1 1) and (3.10) if Aj > p, (3.1 1) and (4.5) if < p and (4.18) or We conclude these considerations by deriving a condition that characterizes R, + i o f uniquely among the solutions of (4.27). Let w~C '~( f i )
be an arbitrary solution of Our next aim is to construct of the spectral family { P A ) of A. First we summarize some properties of R , f obtained above: and that Pi is continuous with respect to R. In particular, A has no eigenvalues.
In order to compute the integrand of (4.33), its convenient to set Relation (4.26) implies (i) The spectral family Pa of A is continuous on R and vanishes for 1 < A,; PA f is given by (4.37) if fe Cz (a).
(ii) The operator A has no eigenualues. The spectrum a ( A ) of A consists of the
is given by (4.38). I t is continuous on 88 if1 > 2m.
interval [A,, co).
1 < 2m, then P,f, in general, is not differentiable with respect to A at Iz = Ak(k E N).
The principle of limiting amplitude
We want to investigate the asymptotic behaviour of as t + 00. Since P, = 0 for I < I,, u coincides with the uniquely determined solution of (1.2H1.4) satisfying (2.12). We use the following lemma: 
(with P , := I ) for eoery X E M, every interval (a, 8) with A , < a -= 8 ,< co and every
The proof of Lemma5.1 can be obtained by a modification of the proof of Lemma 3.1 in Reference 12.
Assume that gEC,"(R) and that cp is bounded and continuous in (a,B) with Al < a < /? < a. Lemma 5.1 implies
).
(5.3)
Since { P , } is continuous for AER and continuously differentiable with respect to I E R \ { A , , A~, . . . }, it follows from (4.39) that
Consider the first integral in (5.1),
Cosfitd(P,u,(x)). (5.5)
In the remaining part of this section we consider a fixed compact subset M of fi and a fixed E > 0. According to Lemma 5.1, there exists an a > 0 such that I, (x, t ) = I : , cosfitd(P,u,(x)) + w1 (x, t), where 1 w1 (x, t)l < E for X E M and t 2 0. 
Resonances
In this section we investigate the solution u under the assumptions I < 2m and w2 = Ak. As above, we denote by M a fixed compact subset of fi We start our considerations from the asymptotic relation (5.13). First 
